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Abstract
We show that in see-saw models with small or even vanishing lepton mixing an-
gle θ12, maximal θ23, zero θ13 and zero CP phases at the GUT scale, the currently
favored LMA solution of the solar neutrino problem can be obtained in a natural
way by Renormalization Group effects. We find that most of the running takes
place in the energy ranges above and between the see-saw scales. The Renormal-
ization Group evolution of the solar mixing angle θ12 is generically much larger
than the evolution of θ13 and θ23. We present numerical examples of the evolution
of the lepton mixing angles in the Standard Model and its Minimal Supersymmet-
ric extension, the MSSM, in which the current best-fit values of the LMA mixing
angles are produced with vanishing solar mixing angle θ12 at the GUT scale.






To compare experimental results with predictions from models dened at a high energy
scale, it is essential to evolve the parameters of the models from high to low energies
by the Renormalization Group Equations (RGE’s). At present, in the lepton sector the
LMA solution of the solar neutrino problem with a large but non-maximal value of the
solar mixing angle θ12 is strongly favored by the experiments [1{4]. On the other hand,
the mixing angles in the quark sector are found to be small. It is therefore interesting
to investigate if this discrepancy can be explained by the RG evolution of the lepton
mixing angles, i.e. by increasing them via RG running.
The possibility of increasing a small atmospheric mixing angle θ23 by RG eects has
been considered in [5,6]. The running of the solar mixing angle θ12, starting at the mass
scale of the heavy sterile neutrinos, was investigated in [7,8]. Other authors who studied
the 3 neutrino case focused on nearly degenerate neutrinos [9{14], on the existence of
xed points [15,16], or on the eect of Majorana phases on the RG evolution of mixing
angles [17].
We consider the see-saw scenario [18,19], i.e. the Standard Model (SM) or the Mini-
mal Supersymmetric extension of the SM (MSSM) extended by 3 heavy neutrinos that
are singlets under the SM gauge groups and have large explicit (Majorana) masses with
a non-degenerate spectrum. Due to this non-degeneracy, one has to use several eective
theories with the singlets partly integrated out when studying the evolution of the ef-
fective mass matrix of the light neutrinos [20,21]. Below the lowest mass threshold the
neutrino mass matrix is given by the eective dimension 5 neutrino mass operator in the
SM or MSSM. The relevant RGE’s were derived in [21{26].
In a recent study [27], we showed that starting with bimaximal mixing at the GUT
scale, the large solar mixing of the LMA solution can be explained as an eect of the RG
evolution of the mixing angles. A key observation was that with bimaximal mixing and
vanishing CP phases, the solar mixing angle changes considerably, while the evolution
of the other angles is comparatively small.
In this paper, we assume arbitrary solar mixing θ12, maximal atmospheric mixing
θ23 and vanishing θ13 at the GUT scale. Especially interesting is the conguration with
zero θ12, which we examine in detail. In this study, we restrict ourselves to the case of
vanishing CP phases and positive eigenvalues of the eective neutrino mass matrix at the
GUT scale. We calculate the RG running numerically in order to obtain the mixing angles
at low energy and to compare them with the experimentally favored values. Extending
the analysis of [27], we nd that the evolution of the solar mixing angle is much larger
than the evolution of the other angles. Again, most of the running of the mixing angles
takes place between and above the see-saw scales, which shows the importance of carefully
studying the RG behavior in these regions. We derive analytic formulae, which help to
understand this eect. The LMA solution of the solar neutrino problem can thus be
obtained in a natural way from small or even vanishing solar mixing at the GUT scale.
2
2 Solving the RGE’s
To evolve the lepton mixing angles and neutrino masses from the GUT scale to the
electroweak (EW) or Supersymmetry (SUSY)-breaking scale in a see-saw model, a series
of eective theories has to be used. These are obtained by successively integrating out
the heavy singlets at their mass thresholds, which are non-degenerate in general. The
derivation of the RGE’s and the method for dealing with these eective theories are
given in [21]. Starting at the GUT scale, the strategy is to solve the systems of coupled
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of the theory in the energy ranges correspond-
ing to the eective theories denoted by (n). At each see-saw scale, tree-level matching
is performed. Due to the complicated structure of the set of dierential equations, the
exact solution can only be obtained numerically. However, to understand certain fea-
tures of the RG evolution, an analytic approximation at the GUT scale will be derived
in section 2.2.
2.1 Initial Conditions at the GUT Scale
At the GUT scale MGUT, we assume maximal atmospheric mixing θ23 and vanishing θ13.
We restrict ourselves to the case of positive mass eigenvalues and real parameters, so
that there is no CP violation. In the basis where the charged lepton Yukawa matrix
is diagonal, up to phase conventions the eective Majorana mass matrix of the light
neutrinos is given by
mν jMGUT = V (θ12, 0, pi4 ) mdiagjMGUT  V T (θ12, 0, pi4 ) , (2)
with mdiagjMGUT := diag (m1jMGUT, m2jMGUT, m3jMGUT) and where




−c23s12 − s23s13c12 c23c12 − s23s13s12 s23c13
s23s12 − c23s13c12 −s23c12 − c23s13s12 c23c13
1
A (3)
with sij = sin θij and cij = cos θij is the (orthogonal) MNS matrix [28] in standard







at the high-energy scale, with hφi = vEWp
2
 174 GeV. Obviously, the neutrino Yukawa
matrix Yν and the singlet mass matrix M cannot be determined uniquely from this
relation, i.e. there is a set of fYν , Mg congurations that yield single maximal mixing.
After choosing an initial condition for Yν , M is xed by the see-saw formula (4) if Yν is
























+ terms with trivial flavour structure (5)
with Ce = −32 , Cν = 12 in the SM and Ce = Cν = 1 in the MSSM. The terms with
trivial flavor-structure do not influence the evolution of the mixing angles. To calculate










where µ is the renormalization scale, t := ln µ
µ0
, and mdiag := diag(m1, m2, m3). As in
[27], we can parametrize the neutrino Yukawa coupling Yν by
Yν(y1, y2, y3, φ12, φ13, φ32) = diag(y1, y2, y3)  V T (φ12, φ13, φ32) . (7)
By dierentiating equation (6) w.r.t. t and inserting the RGE (5), we obtain analytic
expressions for _θij and _mi at MGUT, from which we can compute the rather lengthy
expression for _θ12/ _θ13 and _θ12/ _θ23 at MGUT as functions of the initial conditions. Inserting
the initial condition θ13 = 0 and θ23 =
pi
4
, we nd that generically the RG evolution of
θ12 is much larger than the change of the other angles, unless m1 is very small.
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for degenerate neutrino masses
(8b)
where we neglected the contributions of Ye and
G1 = 8 cos(φ12)
(
2 y21 − y22 − y23













(cos(2 φ12) sin(φ13)− cos(φ13) sin(φ12)) sin(2 φ23) , (9a)
1Note that this approximation is also valid for a relatively weak hierarchy, where m3 is a few times
larger or smaller than m1, m2.
4
G2 = − 8
(
2 y21 − y22 − y23

cos(φ12) cos(φ13) (cos(φ13) sin(φ12) + sin(φ13))
− 4 (y22 − y23

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sin(2 φ12) sin(φ13) sin(2 φ23) . (9c)
Note that the relation m2sol  m2atm also holds at the GUT scale. Equations (8)
and (9) can also be obtained from the formulae derived in [31]. The constants G1,
G2 and G3 clearly depend on the choice of YνjMGUT. However, unless the parameters
fy1, y2, y3, φ12, φ13, φ32g are ne-tuned, we expect the ratios G1/G2 and G1/G3 to be of
the order one. Thus, in the considered case of zero CP phases, the RG change of θ12 at
the GUT scale is generically much larger than that of the other angles, unless m1 is very
small, in which case the ratio approaches 1.
3 Numerical Examples with Vanishing θ12 at the GUT Scale
In the previous section it was argued that the RG evolution of the solar mixing angle is
generically larger than the evolution of the other mixing angles. This raises the question
whether the LMA solution might be reached by RG evolution if one starts with vanishing
θ12 and θ13 and maximal θ23 at MGUT. An overview of the current allowed regions for
the mixing angles and the mass squared dierences is given in table 1.
Best-t value Range (for θij 2 [0, 45]) C.L.
θ12 [
] 32.9 26.1− 43.3 99% (3σ)
θ23 [
] 45.0 33.2− 45.0 99% (3σ)
θ13 [
] − 0.0− 9.2 90% (2σ)
m2sol [eV
2] 5  10−5 2.3  10−5 − 3.7  10−4 99% (3σ)
jm2atmj [eV2] 2.5  10−3 1.2  10−3 − 5  10−3 99% (3σ)
Table 1: Experimental data for the neutrino mixing angles and mass squared differences. For the solar
angle θ12 and the solar mass squared difference, the LMA solution has been assumed. The results stem
from the analysis of the recent SNO data [3], the Super-Kamiokande atmospheric data [29] and the
CHOOZ experiment [30].
We will investigate this possibility by numerical calculations in the following. We
choose the specic form








for the neutrino Yukawa coupling at the GUT scale as an example. With a given Yν, M
can be calculated from mν jMGUT by the see-saw formula (4).
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3.1 Examples for the Running of the Lepton Mixing Angles
Figures 1 and 2 show numerical examples for the running of the lepton mixing angles from
the GUT scale to the EW or SUSY-breaking scale, which produce the experimentally
favored mixing angles of the LMA solution. The kinks in the plots correspond to the




















Figure 1: RG evolution of the mixing angles from the GUT scale to the SUSY-breaking scale (taken
to be  1 TeV) in the MSSM extended by heavy singlets for a normal mass hierarchy with tanβ = 5,



















Figure 2: Example for the RG evolution of the mixing angles in the SM extended by heavy singlets
from the GUT scale to the EW scale for a normal mass hierarchy with ε = 0.6, m1jMGUT = 0.049 eV
and X = 0.5. In this example, the lightest neutrino has a mass of 0.03 eV. Most of the running takes
place between the see-saw scales.
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3.2 Parameter Space Regions Compatible with the LMA Solution
3.2.1 Interpretation of the Parameters at the GUT Scale
The parameter ε introduced in equation (10) controls the hierarchy of the entries in Yν
and thus the degeneracy of the see-saw scales. Moreover, we choose the lightest neutrino
mass at the GUT scale, m1jMGUT for a regular and m3jMGUT for an inverted spectrum
as a further initial condition. We x the GUT scale values of the two remaining masses
by the requirement that the solar and atmospheric mass squared dierences obtained
at the EW scale after the RG evolution be compatible with the allowed experimental
regions. Thus, we are left with the free parameters X, ε and m1jMGUT or m3jMGUT. The
dependence of the degeneracy of the see-saw scales on ε and the mass of the lightest
neutrino at the low scale from its initial value at the GUT scale is shown in gure 3. As

















































[0:01 eV; 0:15 eV]
(b) Parameter ε
Figure 3: Plot 3(a) shows the mass of the lightest neutrino (at low energy) as a function of m1jMGUT
for the SM and the MSSM with normal mass hierarchy, X = 0.5 and ε 2 [0.6, 0.99] (grey region). Plot
3(b) shows the degeneracy of the see-saw scales, parametrized by ln(M3/M1) (at the GUT scale), as a
function of ε for the same cases with m1jMGUT 2 [0.01 eV, 0.15 eV] (grey region).
3.2.2 Allowed Parameter Space Regions
The parameter space regions in which the RG evolution produces low-energy values
compatible with the LMA solution are shown in gure 4 for the SM and the MSSM
(tanβ = 5) with a normal mass hierarchy and Yν given in equation (10).
We would like to stress that the shape of the allowed parameter space regions strongly
depends on the choice of the initial value of Yν at the GUT scale. For inverted neutrino
mass spectra in the MSSM, allowed parameter space regions exist as well. For the
chosen range of initial conditions at the GUT scale as in gure 4, allowed regions with
an inverted neutrino mass spectrum do not exist in the SM. One also has to ensure that


























Figure 4: Parameter space regions compatible with the LMA solution of the solar neutrino problem for
the example with Yν given by equation (10). The initial condition at the GUT scale MGUT = 1016 GeV
is vanishing mixing for θ12 and θ13 and maximal mixing for θ23. The comparison with the experimental
data is performed at the EW scale or at 1 TeV for the SM and the MSSM, respectively. The white
regions of the plots are excluded by the data (LMA) at 3σ. For this example, we consider the case of a
normal neutrino mass hierarchy and X = 0.5 for the scale factor of the neutrino Yukawa couplings.
that the solar mixing angle is smaller than 45. For the chosen range of initial conditions
there also exist regions, where the evolution of the solar mixing angle is too large, i.e.
the mixing angle would run above 45. This would correspond to a negative m2sol and
thus these regions have to be excluded.
4 Summary and Conclusions
We have studied the RG evolution of the lepton mixing angles in see-saw scenarios in the
SM and in the MSSM. We have shown that the experimentally favored neutrino mass
parameters of the LMA solution can be obtained in a rather generic way from initial
conditions with small or even zero solar mixing θ12, maximal θ23 and zero θ13 at the
GUT scale. We have concentrated on the case of vanishing CP phases, which implies
positive mass eigenvalues3. We found that generically the RG evolution of the solar
mixing angle is enhanced compared to the RG change of the two other mixings if one
starts with maximal θ23, zero θ13 and arbitrary solar mixing θ12 at the GUT scale. For
the special case of bimaximal GUT scale mixing, this has recently been observed in [27].
In the SM and MSSM with θ12 = θ13 = 0
 and θ23 = 45 as initial conditions at MGUT,
we have found regions in parameter space in which mixing angles compatible with the
experimentally favored values of the LMA solution are produced. The eect does not
require ne-tuning, degenerate neutrinos or a large value of tan β (in the case of the
MSSM). This opens up new possibilities for building models of neutrino masses.
3The general case of arbitrary CP phases is beyond the scope of this study and will be investigated in
a forthcoming paper [32].
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